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Stability of Continuous Double-Plate Systems

V. X. Kunukkasseril* and A. S. J. Swamidast
Indian Institute of Technology, Madras, India

Stability characteristics of circular double-plate systems which are interconnected by n intermediate, con-
centric, and elastic ring supports are considered in this paper. In particular, for annular isotropic plates with dif-
ferent loads at the inner and outer edges, closed-form solutions in terms of integrals of Bessel and Lommel func-
tions are developed for the symmetric (m = 0) and the first asymmetric (m = l) modes. Also, it is shown that,
for isotropic complete plates and annular plates with equal loads at the inner and outer edges, the solutions will
reduce to the well-known solutions in terms of Bessel functions. Several new buckling characteristics of the con-
tinuous double-plate systems are illustrated by numerical results obtained for isotropic, fixed-fixed, and fixed-
free systems with one intermediate elastic connection.
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argument (p>l/2p)
linear elastic stiffnesses of the in-
termediate and edge supports in force-
/unit deflection/unit length

= moment per unit length in the radial
direction

= total number of annular and complete
circular plate segments

= hj a07, the in-plane, radial, compressive
force applied at the outer edge of the top
plate

= h j ai]9 the in-plane, radial, compressive
force applied at the inner edge of the top
plate

= h2 a02, the in-plane, radial compressive
force applied at the outer edge of the
bottom plate

= h2 a/2, the in-plane radial, compressive
force applied.at the inner edge of the
bottom plate

= K 1a3/Dj9 the coefficient of support
elasticity

= radial shear force per unit length
= dimensional and nondimensional radial
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= number of nodal circles

Received August 16,1974; revision received March 25, 1975.
Index category: Structural Stability Analysis.
*Department of Applied Mechanics.
*Professor, Department of Applied Mechanics.
tLecturer, Department of Applied Mechanics.

M/y

p
Ps
Psl

dimensional and nondimensional
Kirchhoff shear force per unit width
dimensional and nondimensional
deflection of the top and bottom plates

+ - r- + - &dp2 p dp p
tangential coordinate

N2b2/D2
(A]hIa2)/DI
(A2h]a2)/D2
Poisson's ratio of the top and bottom
plates
r/a

= radial and tangential normal and shear
stresses occurring at they'th segment of
the top continuous plate

Oj_i,<jj = in-plane radial stresses existing in the
continous plate at the (y- l ) t h and jth

supports
a01,a02 = applied in-plane, radial stresses at the

outer edge of top and bottom plates
on,al2 = applied in-plane, radial stresses at the

inner edge of the top and bottom plates

Introduction
r | ^HE stability of rectangular continuous plates has
A received quite a lot of attention1"5 during the past four

decades, but the stability aspects of continuous circular plates
have not been investigated much. Only very recently a paper
was published6 on the stability of continuous plates. In the
present work, a further extension of the work reported in Ref.
6 is carried out for the case of the double-plate system shown
in Fig. 1. The plates are connected together by linear, elastic,
concentric ring supports. These types of systems have ap-
plications in designing structures with high strength/weight
ratios. In particular, these types of systems are considered to
be useful in the design of aerospace structures like space plat-
forms, solar panels, etc.

For the general case of buckling of continuous isotropic
plates, Frobenius series solutions have been formulated. For
the particular cases of complete isotropic plates and annular
isotropic plates with equal in-plane loads at the inner and
outer edges, the previous series olutions reduce to available
solutions in terms of Bessel functions.6 Closed-form solutions
in terms of Bessel and Lommel functions and their integrals
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Fig. 1 A continuous double system on (n — 1) elastic intermediate
ring supports.

a) Continuous double plate system with fixed-free edges

b) Continuous double plate system with f ixed-f ixed edges

Fig. 2 Double-plate system on an elastic ring support.

are given for the case of symmetric (ra=0) and the first
asymmetric (m = 1) buckling of annular isotropic plates with
different loads on the inner and outer edges. Detailed
numerical results are given to illustrate the behavior of the
two specific types of problem shown in Fig. 2.

Governing Equilibrium Equations and Solutions
The governing nondimensional equation obtained by con-

sidering the forces and moments acting on an element of each
plate is (top plate)

a2 T. - —— I TV p

+2NPe](

] —
dp2

_/_ dWj

P dp
d2w,

j_ __
P dp ) =< (1)

Equation (1) is for the top plate. A similar equation is ob-
tained for the bottom plate with w]f a, au, hh D1 replaced by
w2, by bi2, h2, D2. The double-plate system connected
together by (n — 1) intermediate, elastic connections can be
split up into a set of 2(n — 1) annular plates of radii (bl9b2)9
(b2,b3),...(bj_},bj)...(bn_J,a),and ( b n _ l f b ) and two cen-
tral complete plates of radii b l or two central annualr plates
of radii ( a i ] 3 b j ) and (bi2,bj). By matching the continuity
conditions at the intermediate supports and satisfying the
boundary conditions at the outer edges, the problem of
buckling of the plate system can be solved. However, the
solutions for the annular segments and for the center portion
should be obtained separately before applying the continuity
and edge conditions. These solutions are thus discussed in the
following paragraphs.

For the case of annular plates, the inplane stresses existing
at buckling are the same as the prebuckling stresses of an un-
deflected flat plate. The stress resultants NpJI, Nejl9 and Np6J]
existing in theyth plate (annular) have been obtained as

Nejl = j = hj [-A}-A2/p2]

(2a)

(2b)

JV • — h T • — C) fJr*\

When the plates have different loads on the inner and outer
edges, the solutions are obtained as shown as follows. For the
symmetric buckling of the y'th annular plate, Eq. (1) will
reduce to

d"w,j ( 2 d3w,j (l + iiv)
dp4 p dp3 p2

(1 + ̂ j) dw,j A2*,j
' p3 dp "^( dp^ '

Equation (3) can be factorized as

d 1 V dX, !
\ , -1 ) , , 1-dp p L dpj p

(1 + H2J) dw,j dwjj

d2W,j

dp2

1 dw,j
p dp

d2W,j

dp2

-3 n

- ) o
(3)

fA\P2 dp ^1J dp
The solution to Eq. (4) for theyth annular plate is7'9

+A2j
f=o

where

(5)

(6)

S0, A I(fn.ij'/2p) represents Lommel's function of parameters
0 and A ; and argument (/ty

 1/2p).
For the asymmetric mode Eq. (1) gives

(7))=0

The deflection function may be assumed as

wlj=W1jCOsme (8)

For the first asymmetric mode (m = 1), Eq. (7) reduces to

_ dp2•f
dp p

1 P3

, A2wn

dp3

dp
A 1 dW,j

P2

+ ̂ 2j) „,p- w
11 ^v dp^ • p dp

Introducing a transformation

Wu)=0 (9)

(10)

into Eq. (9) and reducing, it can be factorized as

d. d2W,

_ (3 + ILy) dW,j

P2 dp " M'r dp
Solution to Eq. (11) is obtained as1-''

(11)

(12)
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where

Hence,
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(13)

+ A 2jP\oP

6 (14)

For the higher modes (m > 2) , the solution can be obtained as
indicated below. If we assume the same deflection function
given in Eq. (8) and substitute it into Eq. (1), it becomes

d4W 2_
P

dp2

J_
p dp <P2 1J/

Equation (15) is transformed by using

and the resulting equation is

(15)

(16)

d4WL

du4
d3Wj

du3~

du

du2

(17)

If we assume the solution in the form of the usual Frobenius
series,

j= E
f=0,l

(18)

substitute it into Eq. (17), and reduce it, the indicial equation

+ (m4 — 4m2 — ̂ 2jm2} ] c 0 = 0 (19)

is obtained, as well as the recurrence relations,

--^2j) (P + 2)2

(20a)

j} (p + 2)

+ dlj(p2-m2)c0 =

(p + 2f)

(20b)

The indical equation [Eq. (19)] is solved by any of the usual
analytical methods, and the four roots p]f p2, p3, andp^ are
determined. Then the solution to Eq. (1) for the case of an-

nular isotropic plate with different edge loadings can be writ-
ten as

where

\-2f)

±2f)

-2f)

(21)

(22a)

(22b)

(22c)

(22d)

and the coefficients Cj- are determined from the recurrence
relations given in Eq. (20).

When the loads on both the edges are the same, the
solutions given in Eqs. (22) reduce to known solutions in
terms of Bessel function

+A3jP
m+A4jp-m]cos md (23)

For the case of the central complete plate, Eq. (23) becomes

The solutions for the other (n — 1) annular portions of an an-
nular continuous plate of (n — 2) annular portions and one
central portion of a complete continuous plate are obtained
from Eqs. (5, 14, 21, 23, and 24) by changing the arbitrary
constants A lj. A similar procedure may also be repeated for
the bottom plate.

Boundary and Continuity Conditions
The solutions given in Eqs. (5, 14, 21, 23, and 24), also

must satisfy the restraints imposed upon them by the in-
termediate supports and the boundaries. Besides the boundary
conditions (which can be obtained from any standard text-
book), the following continuity conditions must also be
satisfied. At any intermediate support "/'

(V*IJ)PJ- = (WIJ)PJ+ (25a)

(W2j)pj- = ( w 2 j ) p j + (25b)

(dwu/dp)pj- =
(dw2j/dP)Pr =

= QKJs!(h]/h2)3d3[(w2j)Pr-(wJj)Pj-]

(25c)
(25d)

(25e)

(250

(25g)

(25h)
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Characteristic Determinants for Example Problems
For the purpose of numerical calculations, two specific

problems shown in Fig. 2 will now be discussed in detail. Both
the cases considered are for isotropic plate systems with one
intermediate elastic ring support. The eigen determinant ob-
tained for both the cases can be expressed as

[^1=0, 7, .7=7,2,..., 12

For the case of a fixed-fixed double-plate system, the
elements of the eigendeterminant given in Eq. (26) are

r
7,7 =

*—

-Vl) (m2-m)
' ——— ——————

n
-» \

A j 2 = (l — l

A,.= (m2 — m)

Ps"

-^- ( form = (

2.4 =

Vz \ —I "

A 2,5 = ~A2J

(forw>0)

A3,S= -A 3,2

^^=-log(p s) (for m = 0)

A},6=-ps~m (for m>0)

;ms
pecific
. Both
th one
nt ob-

(26)

n, the

(27a)

(27b)

(27c)

(27d)

(27e)

(270

(27g)

(27h)

(27i)

(27j)

(27k)

(271)

(27m)

(27n)

(27o)

(27p)

(27q)

(27r)

(27s)

(27t)

(27u)

(27v)

(27w)

(27x)

A4,6 = 0 (for m = 0)

A4i6 = l (for m>0)

A5i3 = mJm(^)-^Jm+,(^)

A5,4 = m Ym(^)-^ Ym+l(^)

As,5 = m

ASi6 = l (for m = 0)

As,6 = -m (for m>0)

6,1 — 3 "^ ~^~ Q ' \

q L Ps
2

-\~ fJL ————————————
_ 1 n

A6,2 = PS-

[ (7 — ̂ / ) (/?* — 777 ) u m 1 o

Ps3 Ps J

!" (1 — V j)fJLVlm2 ~\ Jm(fJLV2p
4- —————— ; ———— + \iil2 -1 ———————

L Ps
2 q

A6,4-\ 3L ps ps J

r (i ~v j) iiV2m2 J / T n Ymd^^ps)+ L P/ +M J 9
^4 f t7=-^(^wP,;)

-4«,«= -Ps/"1

The elements

' X ^4 A A A A A

A A A A A A A

./i g gt /\ g ]Qf i\ g ] ]f -/I g ]2?-*i ]Q g> J* ]Q jQy •** ]Q [Jy

A io,n> A uj, A ujQ,A }]>]I, A uj2>

A 12,7> A 12>8, A I2tg, A 12jo> A 12,1> A 12>2

could be obtained from the elements

AU.AU.AU.A^A^A,,,
^2,1* A2>3, A2t4, A 2>5,A 2>6, A3j, A 3>2,

A 3,3* A 3,4' A 3f5, A3r6, A 4>3, A 4>4, A4>5,

A 4,6* A 5>3, A 5t4, A 5>5, A 56, A6>],

A 6,2> A 63, A^4, A 6j, A 6>8,

respectively, by replacing /^, vl3 psl,
V2> V2> Ps* and P5/, respectively. All the other
eigen determinant are zero.

(27y)

(27z)

(27a')

(27b')

(27c')

(27d')

(27e')

(27f )

(27g')

Jm(p*Ps)
q

}- (27h')

m(^V2Ps)

q

(27i)

(27j')

(27k')

and ps by
elements of the

For the case of a fixed-free double-plate system, all the
elements of the foregoing eigen determinant except A ]09,
A io,iO' A 10Jl, A I0j2, A Ili9, A UJQ, A UJl, A l l f / 2 are the same.
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These elements are

(m2-m)

A1I>n=-(l-v2) (m3-m2)
A 11,12 = 0 (for m = 0)

A1112=(l-v2) (m3 + m2) (for m>0)

(28a)

(28b)

(28c)

(28d)

(28e)

(280

(28g)

(28h)

(28i)

Numerical results obtained for specific problems shown
in Fig. 2 are given in Figs. 3-13. As stated before,6 the con-
tinuity conditions of bending moment and shear associated
with these problems could be effectively replaced by the
second and third derivatives of the deflection function w7 or
w2 with respect to p. The parameters which influence the
buckling parameter p are the thickness ratio h I / H 2 , the load
ratio N2/Nl9 the ratio of Young's moduli, the ratio of plates
radii b/a, the distance ps of the elastic support from the cen-
ter, and the elasticity of the support measured as the coef-
ficient of elasticity of the support q.

Figure 3 illustrates the influence of the thickness ratio on
the symmetric buckling loads for the case of a fixed-fixed
plate system. When hj/h2 5* 1, the system behaves as a single
unit when it buckles; always the elasticity of the support has a
definite influence on the buckling loads. However, when

.
h1/h2

Fig. 3 Effect of thickness ratio on symmetric buckling loads of a
continuous double plate system with fixed ends (uniform loading N2-

^
Nodal \<»)
dia(m) (In-phase)

JU=l4-682

JU =26-375

08,1
(Out-of-phase)

1
(In- phase)

JU =70-850

JLt= 40-706 M= 64-745 JJL= 95-278 1U106-236

1 8,2
(Out-of-phase)

JLi* 85-537

Fig. 4 Buckling modes of continuous double-plate system on an
elastic support with fixed-fixed edges-identical plates (vt-v2 =0.286,

2/Nj=l.W,Ps =0.60).

Fig. 5 Effect of thickness ratio on the symmetric buckling loads of a
continuous double plate system with fixed-free edges (uniform loading

hI/h2 = l, the behavior can be separated into two types, in
one of which the system acts as though made up of two in-
dividual plates without the support elasticity contributing to it
and in the other of which the system behaves as a single unit.
Hence, in the former case the buckling loads are the same as
for a single plate. When h1/H2=Q, this represents the case of
a single continuous plate with fixed ends and on elastic sup-
ports. It is found that the results check well with the results
given in Ref. 6. As hllh2 increases, the buckling parameter
decreases since the combined stiffness of the system also
decreases; because /* is dependent on Nl and £)/ of the top
plate, the D2 of the bottom plate goes on decreasing from in-
finity to zero as hl Ih2 increases from zero to infinity. Figure 4
shows some of the interesting modes of the double-plate
system with fixed-fixed edges when the plates are identical.

Figure 5 indicates the influence of the thickness ratio hllh2
on the symmetric buckling loads for steel-steel and steel-
aluminium combinations of a double-plate system with fixed-
free edges; the bottom plate is assumed to be aluminium in the
steel-aluminium combination. Two distinct types of buckling
behavior are observed; in one case, the free plate and the
elastic ring connections (supports) do not influence the
buckling of the system; in this case the buckling load of the
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Fig. 6 Buckling modes of a continuous double-plate system on an
elastic support with fixed-free edges-identical plates (vj=v2 = 0.286,-
q = 170.0, N2/Nj= 1.0, ps= 0.60).

N2/N,

Fig. 7 Critical buckling loads of a continuous double plate system on
elastic supports with fixed-fixed edges under proportional loading-
symmetric modes.

system represents the buckling load of the top single plate. In
the other case, the system acts as a whole and all the three
elements of the system, namely, the top plate, the bottom
plate, and the elastic ring support, contribute to the buckling
behavior of the system. In the first case, the bottom plate
moves only as a rigid body, but in the second case both the
plates get buckled. For the steel-aluminium combination,
when /z7//z2>0.74, the lowest mode is the coupled mode;
below that ratio, the lowest mode is due to the buckling of the
single fixed plate. For the steel-steel combination, when
hj/h2 > 1.04, the lowest mode is the coupled mode. As hllh2
increases, the coupled mode goes on decreasing, owing to the
reasons stated before for the cases of fixed-fixed plates. When
hj/h2 — \, the system buckles in two ways, in one case it
buckles as a single fixed plate and in the other case it buckles
as a coupled system. The resulting of the coupled system are
the same as those of free continuous plates on elastic (also
rigid when m-Q and m = \) supports.The reason is obvious,
at the buckling point the elastic ring support gets a rigid body
displacement which makes it a rigid support and then the bot-
tom plate buckles (along with the top plate) as a single plate
on a rigid ring support. The rigid body displacements and the
coupled buckling behavior can be clearly observed in the
figures given in Fig. 6.

1-00, <V = 170-0
N, aZ/D, ; {Steel-Steel)

\

1-00 1-50
N2/N,

Fig. 8 Critical buckling loads of a continuous double plate system on
elastic supports with fixed-free edges under proportional loading-
symmetric modes

Fig. 9 Variation of buckling loads with respect to the ratio of radii of
plates with fixed-fixed edges of a continuous double-plate system on
elastic supports (uniform loading N2 /Nj = 1.00; symmetric modes).

Figures 7 and 8 illustrate the influence of the load ratio
N2/N1 on the buckling of a fixed-fixed and fixed-free double
plate system with identical plates. In Fig. 7 when N2/Nl
= 1.0, the results are the same as obtained in Fig. 3 when
h1/h2 = 1.0. The same observation holds good with regard to
Figs. 5 and 8. Two distinct types of behavior can be observed
in Fig. 8> for the case of the fixed-free double-plate system;
one in which the single fixed plate (top) buckles and the other
in which the complete system buckles. When N2/N1>1.\3,
the coupled buckling mode is lowest; below the load ratio, the
single fixed-plate buckling mode is lowest.

The influence the ratio of the radii of the two plates on the
buckling of the fixed-fixed and fixed-free double-plate system
is given in Figs. 9 and 10. When b/a = 1, the results of Figs. 9
and 10 check with the respective values of Figs. 3 and 5, when
hj/h2 = 1.0. Also when b/a = 0.6, the plate system buckles in
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Fig. 10 Variation of
buckling loads with
respect to the ratio of
radii of plates with
fixed-free edges of a
continuous double-plate
system on elastic sup-
ports (uniform loading-
N2

modes).
1.0; symmetric

in-Phase
Out-of-Phase

Fig. 13 Influence of
support elasticity on the
symmetric buckling
loads of identical plates
system with fixed-fixed
edges (uniform loading-

log,0«V

In-phase buckling

Out-of-phase buckling

Fig. 11 Influence of
support radius on sym-
metric buckling loads of
elastically , supported
continuous double-plate
system with fixed-fixed
edges (uniform loading-

Fig. 12 Influence of
support on symmetric
buckling loads of
elastically supported
continuous double plate
system with fixed-free
edges (uniform loading-

two ways. In Fig. 9 the lower part buckles as a single clamped
plate with a plate radius of 0.6; the upper plate buckles as a
clamped continuous plate on an elastic support and these
values check with those given in Ref. 6 (d/0 = 0.60). In Fig.
10, the lower plate buckles as a single plate of radius 0.6 a
with elastic simple supports; the top plate buckles as a clam-
ped plate of radius "a" with no intermediate support (b/a-
= 0.60).

Figures 11 and 12 give the influence of the position of the
support on the buckling loads. In Fig. 11 ps vs //, is plotted for
a fixed-fixed plate system. When the plates are identical, there
are two distinct types of buckling, in one of which the elastic
support does not have any say and in the other of which the
buckling loads are definitely influenced by the properties of
the two plates and the elasticity of the support. We can call

them in-phase or out-of-phase buckling, respectively. It is
found that when the plates and the loading are identical, the
in-phase buckling gives the lowest buckling load. The
buckling resistance of the system is maximum when
ps =0.275. In the case of fixed-free plates shown in Fig. 12,
we have two types of buckling, the first in which the elasticity
of the support does not influence the buckling loads and the
other in which the system—the two plates and the elastic sup-
port—acts as integral one. In the second case, the buckling
loads are the same as that given in Ref. 6 for plates on rigid
supports (m = 0). It is found that, when ps < 0.625, the lowest
buckling loads are obtained as the buckling load of a plate
with clamped edges; for ps greater than 0.625, the lowest
buckling load is given by the coupled motion.

The influence of the elasticity of the support on the
buckling loads is shown in Fig. 13 as Iog10o! vs ju, for a fixed-
fixed plate with identical plates. Once again the in-phase and
out-of-phase buckling modes are observed. It is found that
when the coefficient of support elasticity q tends to be zero,
the buckling load is equivalent to that of a single plate with
clamped edges; both the in-phase and out-of-phase modes
merge together. When q becomes very large namely, Iog10 q
>4, (i.e., q>10,000) the buckling loads approach a limit
asymptotically, which give the buckling loads of a double-
plate system with an intermediate rigid support. Also, as ob-
served beore, in a fixed-fixed plate system the first in-phase
buckling load is the lowest buckling load of the system. **
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